COMPUTER SEARCH FOR CURVES WITH MANY POINTS
THROUGH FAMILIES OVER Fy5 AND Fyq
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Abstract.! Using class field theory one associates to each curve C' over the finite
field Fy, and each integer n > 1, an unramified cover of C' defined over Fy~» whose
genus is determined by the L-polynomial of C. By listing all possible L-polynomials
of curves of small genus over F; one may get examples of curves with many points.
In [1] this search was done for small fields of characteristic 2 and 3, and for all base
curves of genus 2 and 3; we do it for all base curves of genus 2 over the prime fields
of cardinality 5 and 7, giving new entries for the tables [3] over the fields with 25
and 49 elements. We remark that none of the methods used in this report are new;
they where described e.g., in [4] and used systematically in [1].

BACKGROUND MATERIAL

Curves with many points. Let N,(g) denote the maximum number of rational
places possible on a function field of genus g over F,. In [3] the current intervals
in which Ny(g) are known to lie are listed for genus up to 50 and for all primes g
less than 100, and also for prime powers g = p® when p < 20 and e < 5. In this
report we find curves over F, for ¢ = 25,49 and 121 and some g > 7. For these
values of ¢ there where only a few entries of lower bounds in the tables, all coming
from subfields of the Hermitian field; these are all maximal so in these cases the
exact value of N,(g) was already known, see [5]. In all other cases the tables didn’t
have any lower bounds, so in order to make it to the tables all we had to do was to
produce a curve with more than b(q, g)/+/2 points, where b(q, g) is a known upper
bound of N,4(g) (this is the benchmark criterium for a curve to be considered having
many points, see [2] for a motivation).

Attaching an unramified cover to an L-polynomial: Let C' be a smooth
projective curve defined over the finite field k; let J be its Jacobian variety and
let L(C,t) be its L-polynomial. If G is a subgroup of J(k) of index d then class
field theory gives the existence of an unramified degree d cover of C' in which all
points in C'(k) that are mapped to G by the Abel-Jacobi map split completely. If
the Jacobian is not known (and in fact even if C' itself is not known), but only its
isogeny class (which is determined by L(C,t)) then one can still use this to prove
existence of covers of certain genera and with a guaranteed minimal number of
points, but now defined over extensions of k: Let k,, be the degree n extension of
k (inside a fixed algebraic closure), let C, := C x ky, and let J,, be its Jacobian.
Then dy, := [J(ky) : J(k)] = [[enzy ¢1 L(C, (), and since C'(k) C C(kn) = Ch,, (k)
maps to J(k) C J(k,) = Jn(k,) it follows that there exists an unramified degree
d,, cover of C, in which all points in C(k) C Cy, (k) split completely. This cover
therefore has genus d(g(C) — 1) + 1 and at least d - #C(k) rational points.
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Listing genus 2 curves: The function field F' of any genus 2 curve over a perfect
field k of characteristic different from 2 is of the form k(z,y), where y? = f(x) for
some square-free f € k[z] of degree 5 or 6. (And conversely every such field has
genus 2.) Moreover, the extension F/k(x) is ramified precisely at the places P,,
where « is a root of f, and at P, if deg f = 5. The rational place P, of k(z) splits
completely precisely when f(«) is a non-zero square in k. (See [6], Ch. V1)

THE SEARCH

In Section 4 of [1] the author lists all L-polynomials of genus 2 and genus 3 curves
over the fields F, for ¢ = 2,4,8, 3,9, as well as some L-polynomials for higher genus
curves, to obtain improvements of the records over the finite fields of cardinality
q=4,8,16,64,9,27,81. We did the same complete listing of all genus 2 curves for
q = 5,7. This was done using a standard laptop, and a non-specialized software
(Mathematica). More precisely, we list all polynomials f € Fp[z] of degree 5 and
6, for p = 5,7, and then compute their number of F,, and F,2-points. This allows
us to compute their L-polynomials, and then the degree d,, = [J(k,) : J(k)] for
n = 2 (and also for n > 3, but that gives covers of genus > 50). This leads to a
number of new entries for the tables; for ¢ = 25 when ¢ in is in the range between
8 and 30; and for ¢ = 49 when g is in the range between 16 and 50. We also listed
some of the genus 2 curves over F1; and obtained some entries for the tables also
in this case. However, the program we used was the naivest possible, and we didn’t
manage to list all possible L-polynomials in this case; doing it should give some
more contribution to the tables.

It seems that for g larger than 11 this method, with genus 2 curves as base, won’t
give improvements of the tables; the reason is that the tables [3] only includes values
up to genus 50, while the degree d,, and hence the genus, of the obtained cover
becomes big very quickly. We listed all genus 2 curves over F5 and F7, and some
over F11. In all these cases this gave some reasonable values of d,, but only for
n = 2, i.e., the cover is defined over the quadratic extension. We also tested some
genus 2 curves over Fy7 and bigger fields, but here d,, became too large. However,
it might be that when ¢ grows it becomes better to use curves of higher genus as
base, as these might give an L-polynomial that are nicer (meaning that its leading
coefficient isn’t that dominating and hence allows L(—1) to be small).

The reason why we didn’t do this search for elliptic curves is that an unramified
cover of such a curve is again elliptic. However, it is also possible to get some
information about covers that ramifies at one of the rational points, with known
ramification index, only from looking at the L-polynomial. With genus 2 curves as
base this method produces covers of genus greater than 50, but with elliptic curves
as base it gave one contribution: any elliptic curve with L-polynomial 5¢% + 3t + 1,
e.g., y> = 3 + x + 1, has a cover over Fo5 of genus 13 and at least 123 rational
points. See Theorem 4.2.20 in [4] for the construction of this cover.

THE RESULTS

Let p = 5,7,11 and ¢ = p?. The results are given in the following tables; the last
three columns consist of integers g and N such that there exists a genus g curve
with at least N points, and then the interval [b(q, g)/v/2,b(gq, g)], where b(q, g) is a
known upper bound for Ny(g) (no lower bound better than b(g, g)/v/2 was listed in
any of these cases). The first three columns consists of the data used to construct
the curve; first the polynomial f that defines the base curve y? = f(z) over Fp,
then [Ny, N3], its number of F,- and F,-points, and then its L-polynomial.
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CURVES OVER F5

The field F5(z,y) with y?> = f has L-polynomial L(t). Over Fgs it has an
extension of genus g with N rational places.

f [N1, Vo] [ L(2) g [N [[%2.6(9)
T+a2? + 223 + 227 +22° + 25 | [12,24] [ 1466+ 17¢2 +30t3 +25¢7 [ 8 |84 [ [73,102]

1+ 42t 4 25 [12,26] | 1+ 6t+ 18t2 4+ 30t3 +25¢t* |9 | 96 | [80,112]

1+ 32% 4+ 423 4 22* + 2° [11,29] | 14 5t + 14¢% + 25¢3 + 25¢* | 11 | 110 | [93,131]

1+ + 423 + 42" + 2 [11, 31] | 14 5t + 15¢2 + 25¢3 4+ 25¢* | 12 | 121 | [99, 139)

1+z+ 23 [9] 1+ 3t + 5t 13 | 123 | [104, 146]
1+ 2%+ 325 + 26 [10, 32] | 1+ 4t + 11¢% + 20¢3 + 25¢* | 14 | 130 | [109, 153]
2z + 222 + 323 + 32* + 2 [10, 34] | 1+ 4t + 12¢% +20¢3 + 25¢* | 15 | 140 | [114, 160]
1+ 223 4 32% 4 425 + 2© (10, 36] | 14 4t + 13t> +20t> + 25¢t* | 16 | 150 | [119, 167]
z + 4a® + a° (10, 38] | 14 4t + 14t + 20t> + 25¢* | 17 | 160 | [124, 174]
1+ z+ 323 + 3% 4 2° [9,35] | 1+43t+9t>+15t3 +25¢* | 18 | 153 | [128, 180]
1+ 2% +2° [9,37] | 14 3t+10t2 + 1563 + 25¢4 | 19 | 162 | [133, 187]
1+ 22 + 2% + 42t 4 2° [9,39] | 1+43t+11¢% + 1563 +25¢* | 20 | 171 | [138, 194]
2z + z? + 22° + 2° [8,34] | 1+42t+6t>+10t3 +25¢* | 21 | 160 | [143, 201]
1+ 2%+ 2 [8,36] | 142t + 7t? + 10t +25¢* | 22 | 168 | [148, 208]
2z + 2% + 2% + 42t + 2° [8,38] | 1+42t+8t2+ 103 +25¢* |23 | 176 | [152, 214]
1+42? + 23 + 324 +22° + 25 | [8,40] | 1+ 2t + 9% + 103 + 25¢* | 24 | 184 | [157, 221]
T+ 2% + 423 + 4ot + 2° [8,42] | 1+ 2t+ 10¢% + 10¢3 + 25¢* | 25 | 192 | [162, 228]
1+22% + 25 8, 44] | 142t + 11¢% + 10¢3 + 25¢* | 26 | 200 | [167, 235]
14 323 + 22% + 2 (7,37 | 1+t+ 6t* 4 5¢> + 25¢* 27 | 182 | [172, 242]
1+ o+ 2%+ 2zt +2° (7,39] | 1+t+ 7t* 4 5¢3 + 25¢* 28 | 189 | [176, 248]
2z + 2% + 32 + 2° 7, 41] 1+t + 8t + 5t3 4 25¢4 29 | 196 | [181, 255]
1+ 22 4 32* 4 2° [7,43] | 14+t + 9t% + 53 + 25¢* 30 | 203 | [185, 261]

Remark: The curve of genus 13 is an extension of an elliptic field, defined as
a subfield of a narrow ray class field with modulus P2 for P a rational place, see

Theorem 4.2.20 of [4], with n =r = 2.
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CURVES OVER Fyq

The field F7(z,y) with y?

unramified extension of genus g with at least N rational places.

= f has L-polynomial L(t). Over Fy9 it has an

f [N1, N2 | L(t) g | N[22, 5(9)]
1+ 2% + 223 + 625 + 25 [16, 44] | 1+ 8¢+ 29t + 56t3 + 49t* | 16 | 240 [190 268]
1+ a5 [16, 46] | 1+ 8t + 30t? + 56t + 49t* | 17 | 256 | [200, 282]
1+ 22 + 23 + 4zt + 2° (15, 49] | 1+ 7t + 24t? + 49¢3 4 49t* | 19 | 270 | [220, 310]
1+ 422 + 523 + 5at + 2 (15, 51] | 1+ 7t + 25t% 4 49¢3 4 49t* | 20 | 285 | [230, 324]
1+ 322 + 2% + 22° + a6 [14, 52] | 1+ 6t + 19¢2 + 42¢3 + 49t* | 22 | 294 | [249, 352)]
3z + a3 + 62 + 2° [14, 54] | 14 6t + 20t2 +42¢3 + 49t* | 23 | 308 | [257, 363]
1+ 23 + 2t + 5a° 4 2© [14, 56] | 1+ 6t + 21¢2 + 42t3 4 49t* | 24 | 322 | [264, 373]
T + 222 + 52 + 22t + 2° [14, 58] | 1+ 6t + 22t? + 42t3 + 49t* | 25 | 336 | [271, 383]
1+ +2? + 2% 4+ 22% 4+ 625 + 20 | [14, 60] | 1+ 6t + 23t2 + 423 + 49¢* | 26 | 350 | [278, 393]
1+ 322 +32% + 2* + 2° (13, 57) | 14 5t + 16t2 + 35¢3 +49¢* | 27 | 338 | [285, 403]
1+ 522 + 4a* + 2° (13, 59] | 1+ 5t + 17¢2 + 35¢3 +49t* | 28 | 351 | [293, 413]
1+ 522 + 52°% + 3% + 2° [13, 61] | 14 5t + 18t2 + 35¢3 +49t* | 29 | 364 | [300, 423]
1+ 32 + 22% + 5ot + b [13, 63] | 14 5t + 19t2 + 35¢3 +49t* | 30 | 377 | [307, 433]
3z + 2% + 42 + 62t + 2° (12, 58] | 144t + 12t + 28¢3 +49¢* | 31 | 360 | [314, 443]
1+ 23 + 32 + 52° + 2 (12, 60] | 14 4t + 13t + 28¢3 +49¢* | 32 | 372 | [320, 452]
x4 222 + 23 + 32 + 2° (12, 62] | 1+ 4t + 14¢2 4 28t% + 49t* | 33 | 384 | [327, 462]
1+ 2% + 2% + 42 + 22° + 28 [12, 64] | 1+ 4t + 15¢2 + 28¢3 +49t* | 34 | 396 | [334, 472]
3z + 2?2 4 22% + 2t + 2° [12, 66] | 1+ 4t + 16t% + 28t3 + 49t* | 35 | 408 | [341, 482]
14 2? 4 bt + 2° (12, 68] | 144t + 17t% + 28t3 + 49¢*, | 36 | 420 | [348, 491]
T+ 2%+ 623 + 2t + b [12, 70] | 1+ 4t + 18t% + 28t3 + 49t* | 37 | 432 | [355, 501]
1+ 32% + 23 +2° [11, 63] | 1+ 3¢+ 112 + 2143 + 49¢* | 38 | 407 | [362, 511]
1+ 2% + 223 + 62 + 2° [11, 65] | 1+ 3t + 12¢2 + 21¢3 +49t* | 39 | 418 | [369, 521]
1+ 227 4 22* 4 2° [11, 67] | 14 3t + 13t2 + 2143 + 49¢* | 40 | 429 | [375, 530]
z + 223 + 52t + 2° [11, 69] | 1+ 3t + 14¢% + 213 + 49t* | 41 | 440 | [382, 540]
1+ 222 + 423 + 42t + 2 [11, 71] | 1+ 3t + 15¢% 4 21¢3 4 49t* | 42 | 451 | [389, 550]
3z + 4a? + 2% + 22 + 2° [10, 62] | 14 2t + 82 4 14¢3 4+ 49t* | 43 | 420 | [396, 559]
1+ 32t + 25 + 26 [10, 64] | 1+ 2t + 92 + 143 + 49¢* | 44 | 430 | [403, 569]
z+ 623 + 52 + 1z [10, 66] | 14 2t + 10t2 + 14¢3 + 49¢* | 45 | 440 | [410, 579]
1+ 2% + 323 + 62* 4 2 + 2 [10, 68] | 1+ 2t + 11¢2 + 14¢3 + 49t* | 46 | 450 | [416, 588]
3z + 42 + 22t + 2° [10, 70] | 14 2t + 126 + 14¢3 +49¢* | 47 | 460 | [423, 598]
1+ 322 + 223 + 42t + 22° + 2% | [10, 72] | 1+ 2t + 13¢% + 1413 + 49t* | 48 | 470 | [430, 608]
x + 322 4+ 32% + 32t + 2° (10, 74] | 1+ 2t + 14¢2 4 1413 + 49t* | 49 | 480 | [437, 618]
1+2%+af [10, 76] | 1+ 2t + 15¢2 + 14¢3 4+ 49t* | 50 | 490 | [444, 627
CURVES OVER F1i91
The field F11(z,y) with y? = f has L-polynomial L(t). Over Fyg; it has an
unramified extension of genus g with at least N rational places.

f [N1, No| | L(t) g | N [L\}) b(g)]

1+ 627 + 627 + 2° [24,94] [ 1+12¢+ 582 + 1323 + 1217 | 37 [ 864 | [658, 930]

1+ 32° [23,103] | 1+ 11t + 51¢% + 1213 + 121¢* | 42 | 943 | [736, 1040]

6+ x + x? + 62° + 20 | [22, 112] | 1+ 10t + 45¢% + 110¢3 + 121¢* | 48 | 1034 | [829, 1172

1+ 2* 4 325 [22,114] | 1+ 10t + 46t% + 1103 + 121¢* | 49 | 1056 | [845,1194]

1+ 22 + 225 [22,116] | 1+ 10t + 47¢% + 110¢3 + 121¢* | 50 | 1078 | [860, 1216]
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