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Abstract. We find new explicit algebraic curves of genus 6 over
the finite field F673 , F5393 and F9173 attaining Serre’s bound. They
are Wiman’s and Edge’s sextic. Also we obtain the condition of
p for Wiman’s sextic over the finite field Fp2 to be maximal, and
give new entries of genus 6 for the tables manYPoints.org [5] by
computing search on Edge’s sextics.

1. Introduction

For the number of rational points of an algebraic curve C of genus g
over a finite field Fq, we have Hasse–Weil’s bound

#C(Fq) ≤ q + 1 + 2g
√
q,

which is proved by Hasse for elliptic curves in 1933, and extended to
all algebraic curves by Weil in 1941. The algebraic curve is said to be
maximal if it attains this bound. Here p is a prime and q is its power.

In 1970’s Goppa discovered algebro-geometric codes, where we can
construct efficient codes from algebraic curves with many rational points.
In 1983 Serre improved Hasse–Weil bound as

#C(Fq) ≤ q + 1 + g#2√q$,
which we call Serre’s bound. Here #$ denotes the round down. An
algebraic curve attains this bound has a very simple L-function as
(1 + #2√q$t+ qt2)g; see [7].

We know many properties for maximal curves; see [3], [4] and their
references. However we do not know about the property of non-maximal
curves attaining Serre’s bound when its genera≥ 4. Since we only know
some examples over prime fields of genus 4 in [8], and one example over
the finite field 211 of genus 11 in [9].

2. Wiman’s sextic

In 1895 Wiman introduced the sextic

W : x6 + y6 + 1 + (x2 + y2 + 1)(x4 + y4 + 1)− 12x2y2 = 0
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in [12], where we call it Wiman’s sextic and you can see its beautiful
geometrical properties in [2] and [6]. We find the following example by
computing search.

Example 1. Wiman’s sextic W attains Serre’s bound over the finite
field F673 and F5393.

We also have the next proposition.

Proposition 2. Wiman’s sextic over the finite field Fp2 is maximal if
and only if

!m
2 "∑

i=0

m!

(i!)2(m− 2i)!
· 29i · 5m−i · (−19)m−2i ≡ 0 mod p,

where m := p−1
2 .

Proof. We can prove it from the following lemma. !
Lemma 3. Wiman’s sextic W over Fp is supersingular if and only if p
satisfies the condition in the above proposition.

Proof. Let p (= 2, 3, 5. We have the Jacobian of W decomposes com-
pletely as

JW ∼ ε6

where the elliptic curve is defined by

ε : y2 = x(5x2 − 95x+ 29).

From Theorem 4.1. in [11], we have that this elliptic curve over Fp is
supersingular if and only if the coefficient of xp−1 in (x(5x2 − 95x +

29))(p−1)/2 is zero. Here by compute the coefficient of x
p−1
2 in (5x2 −

95x+ 29)(p−1)/2, we can prove it. !
We note that 19, 29, 79, 199, 269, 359, 439, 499, 509, 599, 919, 1279, · · ·

are such primes.

3. Edge’s sextics

From Wiman’s sextic, in 1981 W. L. Edge found a family of sextics
in [2], which is defined by the equation

Eα : T + αS = 0

where

T := x6 + y6 + 1 + (x2 + y2 + 1)(x4 + y4 + 1)− 12x2y2,

S := (y2 − 1)(1− x2)(x2 − y2).

We call it Edge’s sextic; see also [1] for its geometrical properties.
We obtain the next example by computing search.

Example 4. Edge’s sextic E1403 attains Serre’s bound over the finite
field F9173.
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We also obtain Edge’s sextic with many rational points which give
new entries for the tables manYPoints.org in [5] for the case of genus
6. We list them in the following tables.

Table 1

Fp α new entry old entry
13 0 [50− 52] [50− 52]
19 2 [50− 68] −68
23 10 [60− 78] −78
31 0 [80− 96] −96
37 8 [80− 108] −108
41 8 [90− 114] −114
47 10 [90− 126] −126
53 21 [120− 138] −138
59 16 [120− 150] −150
61 6 [110− 152] −152
67 9 [140− 164] −164
71 49 [150− 168] −168
73 5 [140− 174] −174
79 3 [170− 182] −182
83 14 [180− 190] −190
89 0 [150− 198] −198
97 7 [200− 212] −212

The first line of Table 1 means that Edge’s sextic E0 over the finite
field F13 have 50 rational points, where the old entry does not give an
equation of the algebraic curve. The third line of Table 2 means that
Edge’s sextic Eβ37 over the finite field F55 have 3750 rational points,
where β ∈ F55 satisfies β5 + 4β + 3 = 0.
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un corps fini, C. R. Acad. Sci. Paris Sér. I Math. 296(9)(1983), 397–402.
[11] J. H. Silverman, The arithmetic of elliptic curves, 2nd Edition, Graduate Texts
in Mathematics106(2009).
[12] A. Wiman, Zur Theorie der endlichen Gruppen von birationalen Transforma-
tionen in der Ebene, Math. Ann. 48(1897), 195–240.

Department of Mathematics, Shiga University of Medical Science,
Seta Tsukinowa-cho, Otsu, Shiga, 520-2192 Japan
E-mail address: kawakita@belle.shiga-med.ac.jp


